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Abstract
In this fluid dynamics video, we study a two-phase flow in an elastic Hele-Shaw cell
that involves two distinct fluid- and solid-based instabilities: viscous fingering and sheet
buckling. We show that the relative importance of the two instabilities is controlled
by a single non-dimensional parameter, which provides a measure of the elasticity of
the flexible wall. We employ numerical simulations to show that for relatively stiff
[soft] walls, the system’s behaviour is dominated by viscous fingering [sheet buckling].
Strong interactions between the two instabilities arise in an intermediate regime and
lead to the development of extremely complex fingering and buckling patterns.
Two identical videos were produced: A high quality Video HQ and a lower quality
video Video LQ.
We consider a circular Hele-Shaw cell of radius Router, whose upper boundary is formed
by an elastic membrane of thickness h, Young’s modulus E and Poisson’s ratio ν. In the
initial state, the cell has uniform depth b0  Router, and is filled with a viscous fluid of
dynamic viscosity µ and surface tension γ. We then inject air at a constant flow rate V˙ at
the centre of the cell. The air displaces the viscous fluid and inflates the elastic sheet[2],[3],[4].
We study the behaviour of the system using the depth-averaged lubrication equations
for the fluid flow, coupled to the Fo¨ppl-von Ka´rma´n equations which describe the defor-
mation of the thin elastic wall; these equations describe both stretching and bending of the
bounding elastic sheet. We also account for the pressure jump across the curved air-liquid
interface induced by surface-tension. The problem is governed by four non-dimensional
parameters: the aspect ratio of the cell A = b0/Router; the capillary number Ca =
µV˙ /2pib0γRouter; the Fo¨ppl-von Ka´rma´n parameter η = 12(1− ν2)(Router/h)2, which con-
trols the relative importance of in-plane and bending stresses during the elastic sheet defor-
mation; and the fluid-structure interaction (FSI) parameter I = 144(1−ν2)µV˙ /2piA3Eh3,
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which represents the ratio of the typical viscous stresses in the fluid to the bending stiffness
of the elastic membrane.
In the fluid dynamics video, we fixed the aspect ratio and the capillary number to
A = 0.04 and Ca = 0.4, respectively, and set the Fo¨ppl-von Ka´rma´n parameter to
η = 2× 106. We varied the FSI parameter I (which corresponds to changing the Young’s
modulus of the sheet while keeping all other parameters constant) to assess the effect of
fluid-structure interaction on the fingering and buckling instabilities. We explored inter-
actions between these instabilities by direct numerical simulation, using a finite element
discretization of the governing equations implemented in the open-source finite element
library oomph-lib[1],[3],[4]. The initial configuration for all simulations is zero wall dis-
placement and a circular bubble with radius Rinit = 0.05Router. We perturbed the bubble
radius by a small non-axisymmetric perturbation with amplitude of 1% of the initial ra-
dius and wavenumber 7 (found to be the most unstable wavenumber in the corresponding
rigid-walled cell).
The values of the parameter I in the video are 103, 104, 105 and 106. An increase
in I increases the transverse deflection of the membrane, and weakens (and ultimately
suppresses) the viscous fingering instability. However, for sufficiently thin-walled bounding
membranes an increase in I also increases their propensity to wrinkle, resulting in intrigu-
ing competition (and interaction) between two distinct symmetry-breaking instabilities:
for small values of I the systems behaviour is dominated by viscous fingering, with the
non-axisymmetric deformation of the bounding membrane arising as a passive response to
the spatial variations in the fluid pressure. In an intermediate range of I, the (weakened)
fingering instability initially develops independently of the wrinkling process but the two
instabilities interact strongly when their amplitudes reach finite values. Finally, for large
values of I , viscous fingering is completely suppressed and the non-axisymmetric defor-
mation of the expanding air-liquid interface arises as a passive response to the wrinkling
of the membrane, reversing the role of the two instabilities.
With this video, we demonstrate the complexity of the interaction between the two dis-
tinct instabilities, viscous fingering and sheet buckling, by varying a single non-dimensional
parameter. Qualitatively similar behaviour was observed in the laboratory experiments
with polypropylene sheets (h = 30µm, E = 3.6 GPa) in the cell with b0 = 0.57 mm and
Router = 17 cm, filled with 1000 cSt silicone oil.
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